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Let s,,[ f] denote the mth partial sum of the orthonormal expansion of /> R —> R
with respect to the orthonormal polynomials for the weight W?(x)=exp(—|x|%),
o> 1. We show that for some C independent of f and n,

<CI/WL,

<1 » smm> W,
L L(R)

¢,,(x):—< +n2/3>

and a, denotes the nth Mhaskar-Rahmanov-Saff number for Q(x)=1|x|* The
novelty is the presence of the factor ¢, %, which is large close to +a,: that factor
was absent in the classic results of G. Freud. Related results are proved for more
general exponential weights on (—1, 1) or R.  © 2000 Academic Press

where

1—

n

1. INTRODUCTION AND RESULTS

Let I denote either (—1,1) or R. Let W: I— (0, o0) be such that all the
power moments

f X"W?2(x) dx, n=0,
I

151

0021-9045/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.



152 LUBINSKY AND MACHE
are finite. Then we may define orthonormal polynomials
pn(x)zynx"+...’ Vn>03 n>09
satisfying
| pupn?=5,,
I

For f: I— R such that f(x) x’W?(x)e L,(I), j =0, we may form the formal
orthonormal expansion

fe Z bjpja
j=0
where
bj;=bj<f);=prjW2, j=0. (1)

The mth partial sum of this expansion is denoted by

sL11= % BN oy m=1 (2)

A classic result of G. Freud, proved using the still more classic de la
Vallee Poussin argument, asserts that for a class of weights including the
exponential weights

(W(x)=) W,(x) :=exp(—3|x|%), a>1, (3)

there is strong (C, 1) summability of the orthonormal expansions:

G ZBAHQ

<CIf Wl om0 (4)

L(R)

with C independent of f and n. This inequality was the basis of Freud’s
methods for proving weighted Jackson theorems, see [6, 7, 23]. Strictly
speaking Freud considered only a > 2, but later work established that his
proofs could be extended to all > 1. For a <1, the polynomials are not
dense in a suitable weighted space, while the boundary case a =1 is not
fully understood as regards Jackson theorems. See [19, 23] for further
orientation.

In this paper, we show that it is possible to strengthen (4) in the sense
that one can insert a factor that is large near the largest zero of p, in the
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left-hand side of (4). To further elucidate this, we require the notion of the

Mhaskar—Rahmanov—Saff number. We shall assume throughout that our
weight has the form

W=e2 (5)

where Q:1— R is even and convex. The nth Mhaskar—-Rahmanov—Saff
number «, is the positive root of the equation

dt

2 1
n=—| a,tQ'(a,t , n=l. 6
2], @0 —— (6)

One of its properties is that
HPWHLDO(I)Z HPWHLm(fan,an)s Pe7, (7)

where %, denotes the polynomials of degree < n. For example, for W= W,_,
it is easily seen that

a,= Cn'?, nx=1,

where C may be expressed in terms of gamma functions (see [ 19, 20, 26]).

We shall show that one may insert a factor (|1 —(|x|/a,)| +n~%*)"13 in
the left-hand side of (4), for a class of weights including W,, o> 1;
moreover, when we drop the absolute value in (4), that is when we con-
sider ordinary (C, 1) summability, then we may replace —1/3 by —2/3.
The most general class of Freud weights that we have in mind is given in:

DerFINITION 1. Freud Weights #.

Let W=e~92, where Q: R— R is even, continuous and Q" is continuous
in (0, oc0). Assume moreover, that Q' >0 in (0, c0), and that for some A4,
B>1,

<B, xe (0, o). (8)

Then we write We 7.

Note that for W= W,_, (8) holds with 4 = B=a. In addition to Freud
weights on the real line, we consider a class of Erdés weights, for which the
exponent Q grows faster than any polynomial:
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DerFINITION 2. Erddés Weights &.
Let W=e~%2, where Q: R— R is even, continuous and Q" is continuous
in (0, 00). Assume that Q' >0, Q" >0 in (0, o0), and that the function

xQ"(x)
T(x):=1+ , xe (0, oo 9
() =145 (0, ) 9)
is increasing in (0, oo) with
lim T(x)>1,; lim 7T(x)=oco0. (10)
x—>0+ X —> o

Assume moreover that for some C;>0, j=1, 2, 3,

O(x)
xQ'(x)

C, <T(x)

<C,, x=C;.

Then we write Weé.

The archetypal example of We & is
W(x) = Wy o(x) =exp( —expe(]x]*)) (11)
where «>1 and k>1 and

expy := exp(exp( ---exp()---))
— _

v
k times

denotes the kth iterated exponential. We also set
eXpo(X) :=x.

See [12, 13] for further orientation on Erdés weights.
The third class of weights we consider is a class of exponential weights
on(—1,1)

DerFINITION 3. Exponential Weights on (—1, 1) §Z 2.
Let W=e¢"2 where Q:(—1,1)—> R is even and Q" is continuous in
(—1,1). Assume that Q' >0, Q" >0 in (0, 1), and that the function

T(x) =1 +x§'(’53) . xe(0,1) (12)
is increasing in (0, 1) with
lim 7(x)> 1. (13)

x—>0+
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Assume moreover that for some C, >0, C, >0,

C,<T(x) Q,(x) < C,, x close enough to 1 (14)
0'(x)
and that for some 4 >2 and x close enough to 1,
A
T(x) = . 15
(> (15)

Then we write We &X' 2.
The archetypal example of We &X' P is

W(x)= W+*(x) :=exp( —exp,((1 —x?)~%)), xe(—=1,1) (16)

where k>0, a > 0. For further orientation on &2'2, see [10].

It is possible to treat the classes %, &, &% in a more general and
unified framework [11], but we prefer here to quote already published
results. In any event, it is possible to describe simultaneously several
features of the (C, 1) means of the orthonormal expansions for all three
classes of weights: this requires some additional notation. We set

6,:=(nT(a,)) %3, nx=l, (17)

and define the functions

(/5,,()():=‘l—|x| +9, (18)
an
and
’ L B
_ 1——|+0,+ 1(a,)
Yoy =TT a9
) RETIN

The function y,, plays a role in describing the spacing between successive
zeros of p,, the growth of Christoffel functions, and related quantities, in
much the same way as does the function 1 —x*+n~2 for Jacobi weights
and their generalizations on (—1, 1). Note that for Freud weights, T is
bounded above and below by positive constants, so J, behaves like n %3

By a minor modification of the classical de la Vallee Poussin argument
for L, and then via standard duality and interpolation techniques, we prove:
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THEOREM 4. Let We F, & or EXP. Let 1 < p < oo and let
¥, (x) :=max{y2(x), y23(x)}, xel (20)

Then for some C independent of f and n,

12 , _ : _
<n > Sm[f]> wy, e SCIfWE - (21)
m=1 L,(I)
For the case p= o0, we have
< Z 18, [f]|> <C HfWHLOO(1)~ (22)
LOO(I)

We note that if one uses the classical de la Vallee Poussin argument, one
has to omit the y%? in (20); our modification permits the inclusion of this
factor.

In [16], strong (C, 1) means of orthonormal expansions for Erdds
weights were investigated; there for p = oo, instead of ¥, in (22) there was
a factor T ~'% in the left-hand side. Since one can show that

T-A<Cylr<CP,

for the class &, the above result constitutes an improvement of the result
in [16].

To acquire some perspective on how Theorem 4 relates to Freud’s (4),
we specialize to Freud weights. Here ¥, /¢ '/? is bounded above and below
by positive constants and we obtain:

COROLLARY 5. Let We%. Let 1 < p < co. Then for some C independent

of f and n,

<CIfWY . (23)

L)

(3 L salr1) w0

For the case p= o0, we have

<Cl/Wle - (24)

Ly, (1)

< Z |Sm[f]|> W13

Thus under the same hypotheses as Freud, one may insert the factor
¢, which is large near + a,. The obvious question is whether or not 1/3
is sharp. If one assumes more about the orthonormal polynomials, it is not.
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Recall that the orthonormal polynomials {p,} satisfy the three term
recurrence relation

X1 (X) =, p,(X) o, 1P, o(x),  n=l (25)
where we set p_, :=0 and
%y =Yyt [V MZ1 (26)
It is known for large classes of Freud weights [ 14] that
a,=3%a,(14+0(1)), n- co. (27)

Assuming somewhat more allows us to improve on the 1/3 in (23) and
(24):

THEOREM 6. Let We % and assume that for some >0,

a,=2a,(1+0(n"*) n-oo. (28)
Let
min 2 LB S P
K :=min {3,3+2,12+4}. (29)

Let 1< p<oo. Then for some C independent of f and n,

1 n
<ZSAfDW%“”mK <CIUWPP I La  (30)
n m=1 Lp(I)
For the case p= o0, we have
l n
(3 X slf1) e <CUW 0 (31)
o= L(D)

For W,, a>1, (28) is known with f=min{a, 2}. This was recently
proved by Kriecherbauer and McLaughlin [ 8], thereby improving results
of Rakhmanov [25]. For a a positive even integer, more complete
asymptotics are known, [3], [ 18]. Likewise when Q is a polynomial, more
complete asymptotics are known [ 1, 3]. Thus we may deduce:

COROLLARY 7. For W=W_, a>1, and 1 < p < o0,

<CUfWab??Ipm.  (32)

LI

<1 i s [f]> W¢—(2/3)(1—1/p)
n ot m axtn
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For the case p = oo, we have

l n
<n ) sm[f]>Wa¢;2/3 <ClfWele,m- (33)
m=1

L (I)

It is an interesting problem to determine the sharp power of ¢, in (33).

This paper is organised as follows: in Section 2, we present the de la
Vallee Poussin argument, and its minor modification, which leads to the
proof of Theorem 4 and hence Corollary 5. In Section 3, we present an
estimate on sums of squares of p,,, | — p,,_1, under the assumption (28).
In Section 4, we prove Theorem 6 and deduce Corollary 7.

2. PROOF OF THEOREM 4

We begin by recalling the classic de la Vallee Poussin argument. (This
has been clearly presented often [7], [23],.. but we do need the details).
Let /1> R, xel and p,>0. We let

_ [/, 1= x| <p,
Jul0) .—{O, x| (34)
and
o S _
PSPPI A NS b S L L 3s)
x—1
0’ |t—X| <pn
Then we may split for m <n,
Sl S 1(x) =8, [, 1(xX) + 5,LF,(+)(x — - ) ]1(x). (36)
Let
Kpv )= % p0) py(0) (37)
so that

Sul 1506 = [ K1) £,(0) W2(0) . (38)
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The de la Vallee Poussin/Freud Estimate for s,[ f,]1(x).

|5, [ £ ()] < HfWHLOij K,y (x, )] W) dr— (39)

In[x—p, x+p,]

< Wleya7/290 / | Ky w20y di

m—1
= HfWHLDO(I) 2p, z P,g(x)s (40)
j=0

by the Cauchy—Schwarz inequality and then orthogonality. Recall now the
Christoffel function:

AW x) = i pAx). (41)

Since A, ' clearly increases with m, we deduce that (note that the 4, ,
simplifies later calculations)

Sl £, 1O W) S W ity /2P0 N i (W2 x) WP (x). (42)

1

The de la Vallee Poussin/Freud Estimate for s,,[ F,(-)(x— -)](x). We
need the Christoffel Darboux formula

|
g

K, (x, t)=ampm(x) Pm—l(f))c—_lt)m_l(x) 0} )

We see then that

Sl Fy () = )1() = || Koy s, 1) F () = 1) W2(0) di

:am[pm(x) bm—l(Fn)_pm—l(x) bm(Fn)] (44)

Let us abbreviate b,,(F,) as b,,. We deduce that

1
<—( max o, Z UPm O b 1| + 1 (X)] Dy ])

n 1<m<n

n

<( max a,,) 2 prn > b2
n

1<m<n
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by the Cauchy-Schwarz inequality. Using Bessel’s inequality for orthonor-
mal expansions, we continue this as

2
<( max a,,) - i,,‘jl(W{X)\/W
1<m<n n I

_ i
<( max «,, \/T|\fWHLw(1) J

1<m<n |>pn(t—x)2

2
=( max o, f\//lnﬂ . WL, @) (45)

l<m<n

The de la Vallee Poussin estimate for the strong (C, 1) means of s,,[ f]-
Combining (36), (42) and (45) gives

2 15,1 W) S USW 1ty /2ot (W2 ) WP(x)

><< 2p, +( max a,,)?2 22> (46)

1<m<n n-p,
Choosing

sSm= m

max; ¢,,<n®

Pni=
n

gives

Z |5, [/ ()| W(x

maxX; <m<n®

SN W iy /(W2 x) WP(x) ™ (47)

n

We turn to a minor modification of the de la Vallee Poussin/Freud
estimate before proving Theorem 4:

A simple alternative estimate for s, f,](x). Now for |t—x|<p,, and
m < n, the Cauchy—Schwarz inequality gives

|K,,(x,t) |<\/K (x, x) \/K tt)
\/ n+1 X x \/ n+1
_\/}n+l \/)""4'1
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Then from (39),

ISl £, 1COT W) S NS W ity 200/ 2ot a (W2, x) W2 (x)
x/ max A7l (W2 1) W(1). (48)

lt—xI<p,

Then instead of (46), we obtain

Z s,/ 1(x)] W(x)
<[ /Wl oD \/}n+l x) Wz(x)

2
{2p,,\/ max AL (W2 t) W2 +( max «,)2 |- }
lt—x|<p, I<ms<n n°p,

Choosing
”":_<nml<,:mm\/n+1 z,x)/WZ(x)>2/3 (49)
gives
é Sl S 1(x
W Wleaw <HMI<,1W"/1;+‘1 (W2, x) Wz(x)>2/3
[ max (JEHOROMOY) .

Thus far, we have the estimates (47) and (50) for the strong (C, 1) means
Before we can choose which to apply, we need technical estimates for 47},
for a,, and so on. We use the standard notation ~ for sequences of real
numbers: we write

~d,

if there exists positive constant C,, C, independent of »n such that for the
relevant range of n,

C,<c,/d,<C,.
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Similar notation is used for functions and sequences of functions.
Moreover, in the sequel, C, C,, C,, .. denote positive constants inde-
pendent of n, x, f. The same symbol does not necessarily denote the same
constant in different occurrences.

LEMMA 8. Let We %, & or EXP. Then
(a)

max a,, ~ o, ~d,. (51)

lsm<n

(b) Letn, L>0. There exists ny such that uniformly for n = n, and for
x| <a,(1+Ld,),

I (W2 2) ~ S8 2 () (). (2)

(c) Let n>0. There exists ny such that uniformly for n>=n, and for
x| <a,(1+Ld,),

It—XI<f7%"%(X)3¢n(l)~!//n(X) and — ¢,(1)~,(x). (53)

The constants in ~ are independent of n, x, t.

(d) There exists ny such that for n>=n,

1 1
<M1 m) 1= (54)
2 " n a, a,) n
Moreover,
T(an) ~ T(aZn); 6;1 ~ 52;1; 5;1_1/2= 0(”) (55)

(e) Let L>0. There exists ny such that uniformly for n>=nq, and for
x| <a,(1+Ld,),

V() ~ 1 (x); @u(x) ~ @y 0 (X). (56)

(f) Let L>0, 0<p<oco. There exist C and ny such that for n>=n,
and for Pe 2,

IPW L < CIPWIl L (a1 L8, a1 — L5, (57)
Moreover, if r> 1, there exist C,, C,>0 such that for n>=1 and for Pe %,,

“PW|‘LP(I\[a7,n,arn])< o exp(—CznT(an)_l/z) ”PWHLP(I)~ (58)
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Proof. (a) We note that since a,, increases with m, it suffices to show
that

For We &, this is Theorem 12.3(b) in [9, p. 529]; for We &, this is (10.33)
in [12, p. 285], for We X2, this follows from a far more general result
of Rakhmanov [24] that for W>0 ae.in [—1,1], a,, >3, m— .

(b) For We %, Theorem 1.1 in [9, p.465] states that
—1/2
)

for the relevant range of n and x. Note that for We %, A <T< B, where
A, B are as in (8), so

I3, X)W () ~ 2 V() ~ 8 (\1 _d

¢n(x )+T( W

Thus we have (52) in this case. Next, if We &, Theorem 1.2 in [12, p. 204 ]
implies that

D92, )W) ~ 2 max{ /6, (5), [ Tla,) /a7 (59)

for the relevant range of n and x. This is easily recast in the form (52).
Finally, if We X%, Theorem 1.2 in [10, p.7] again implies (59) and
hence (52).

(c¢) In view of the form of v, it clearly suffices to show that ¢, (7) ~
¢,(x) for the relevant range n, ¢, x. Let us denote the zeros of p,(x)=
P

.(W?2, x) by

Va(x) =

A

xnn<xn71,n< s <X <Xpp-

It is known for all three classes of weights that uniformly in »n and j,
¢n(xjn) ~ (bn(xjfl,n) and hence l//n(xjn) ~ ‘/jn(xjf l,n)' (60)

For We #, this is (11.10) in [9, p.521]; for Weé, this is (9.9) in [12,
p.265]; and for We X2, this is (10.12), in [10, p. 111]. Next, for all
three classes of weights it is known that uniformly in » and j;

xj—l,n _xj+l,n ~ )*jn W_z(xjn)
A ‘1—’“" <5, (61)
n a,
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For We %, this follows from (b) above and Corollary 1.2 in [9, pp. 466-
467]; for We &, this follows from Corollary 1.3 in [12, p.205]; and for
We X2, this follows from Corollary 1.4 in [10, p. 9]. The monotonicity
of ¢,in [0,a,] or [ —a,, 0] and (60) and (61) then give the result.

(d) For We %, these follow from Lemma 5.2(c) in [9, p. 478] (recall
that T~1 and 6, ~n~%? for this case); for Wed&, these follow from
Lemma 2.2 in [12, pp.208-209]; and for We &X', these follow from
Lemma 3.2 in [10, p. 24-25].

(e) This follows easily from (d), which shows that

1
" nT(a,)

’1— =o0(6,), n-— oo,

Ay 1

(f) For We %, (57) is Theorem 1.8 in [9, p. 469] while (58) follows
easily from (7.14) in [9, p.486] and (10.2) in [9, p.512]; for We &, (57)
is Theorem 1.5 in [12, p.206] while (58) follows from (4.18) in [12,
p.228] and (5.2) in [ 12, p. 231]; and for We X2, (57) is Theorem 1.7 in
[10, p. 12] while (58) follows from (5.18) in [ 10, p. 53] and (6.2) in [ 10,
p-57]. 1

We proceed to:

Proof of Theorem 4 for p= 0. Let us substitute the estimates of the last
lemma in (47): we obtain for |x| <a,,

sl £ 1) W) S CUfW gy W 2(x) (62)

1

ﬁM=

Next, provided we choose p,, by (49), so that by Lemma 8(a), (b), (e),
P~ (1) (63)
n

we have also from (50) and Lemma 8(a), (b), (e),

n

Z Sml S1(x)] W(x)

—12
<CfW|Lw(1)W,,_2/3(X){ max <‘”n“)> +1}.

lt—x|<p,

Now if

Ya(x) =1,
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then (63) shows that

ay
pngciwn(x)
n

and then from Lemma 8§(c),

Y1)\~
|fi?’<‘pn<wn(x>> s¢

1
W, (x) > :> Z Is,l f1(x)| W(x)< C HfWHLw(I) lpn_zﬁ(x)

Thus

This and (62) show that

= X sl £ 1)) W(x) max {2, Y22 ) S CUf WL oy

When ,,(x) <31, (62) shows that this inequality persists as then 23(x) <
¥ Y2(x). Thus

maX* Z |5l £100)] W) max {2, 7P () S CIf Wil 0y (64)

x| <a, -1

To extend this to the rest of /, we use infinite-finite range inequalities in the
following way: let us suppose that there are polynomials R, with the
following properties:

(i) R, has degree O(5, '),

(i) R,~¥,=max{y? ¢y} in[—a, a,];

(i) R,=>C¥, in I\[ —a,, a,].

We now use a device of J. Szabados [27] to apply the infinite-finite

range inequalities: for any ¢,,= +1, (64) gives

max

x| <a,

W) < C I W

1 »
Z z Smsm[f'](x) Rn(x)
m=1

The expression is the | | is a polynomial of degree at most [n + C5, /] for
some C (here [ x] denotes the integer part of x). But by (54) and then the
third relation in (55),

512

n

" nT(a,)

a

n

’1— :5n~5[n+ca;1/2]

A+ cs '™
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so for some L >0, if n is large enough,

max Y s, 100 R0 W)

|x| g“[n-;-cé,fl/z](l 7L5[n+c(;;1/2])

<CIfWp, -

The infinite-finite range inequality (57) shows that as the choice ¢,,= +1 is
arbitrary,

1 n
max— Y [5,[/ 100 Ry(x) W) < C Wz
xe m—1

Finally, since ¥, = O(R,) in I, we obtain (22). It remains to give

The Construction of the {R,} satisfying (i), (ii), (iil) above. Now
Y, ~ 2P+ yl? and ¥, =./¢, +1/(T(a,) \/b,) so it suffices to show the
following: given b € R, there exist polynomials R} such that

(i*) R} has degree O(5, '),
(11*) R::k~¢z in [_anaan];
Gii*) RF>CoPin IN[ —a,, a,].

We need only do this for |h| <3 (raising to suitable powers gives the
general case). We use the Christoffel functions for the ultraspherical weight

u(x):=(1—-x%"-12), xe(—1,1).
Let us set

m:=m(n):=[5,"*];

R”(x):=m~'2,, (u, x).
It is well known that uniformly in m, x [21, p. 120]
RY(x)~([1=Ix||+m™)” in[—11]. (65)
Then it is easily seen that

X

Rio) =R ()

an
satisfies (1*), (i1*). To verify (iii*), it suffices to show that

RE(N)=Clx—1+m™2t  xe(l, o).



(C, 1) MEANS OF ORTHONORMAL EXPANSIONS 167

(Recall that R is even). Let / denote the least integer >5/2. Let p/
denote the jth orthonormal polynomial for u, so that its zeros lie in
(—1,1), and for some integer j, and C;>0, p has at least / zeros in
[1—(C,j)72% 1] for j= j,. See, for example, [21, Thm. 22, p. 167]. Then
for j= j, and x> 1,

b (x) < x—1> N2 y
- ! > (1+(Cyj)? (x—1))".
IR A e S ]

Let 7e€(0, 1). Then for x> 1, m>= j,/n,

m—1
A, x)> 3 (pF(x))?
Jj=[mm]+1
m—1
>(1+(Com)* (x=1))° ¥ (pf())>
Jj=[mm]+1

It follows easily from the fact that |b| <1 and from the estimate
k=2 u, 1)~ k=2, k=1,

that if # is small enough,

m—1 m—1
Y (PP~ Y (pF () =2 u 1) ~m! =2
j=[nm]+1 Jj=0

and hence that for x > 1,
R*(x)=m~"  (u, x)
>(14+(c;mm)? (x—1)°2m=2>Clx—14+m2)°,
as desired. |

The extension from p = oo to 1 < p < oo is entirely standard [6], but we
provide the details:

The proof of Theorem 4 for p=1. Now

n

= s | (1 Y sul /] W)gW

L) HgW”Lw(1)<1 I m=1

LS

m=1

1 n
= sp o Y [ s,/ gW?

||gWHLOO([)<1 m=1

1 n
= sp o Y| fle] W2

leWlz <1 m=1
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by self-adjointness of s,, (this follows easily from orthogonality). We con-
tinue this as

1 n
< sup oY L|fW;1||sm[g] W,
=1

leW i <1 m—

< sp U S sl e,

lgWlL <11 L ()

<c|1mer|

by our result for p=o00. ||
Finally, we use weighted interpolation to treat the case 1 <p < co:

Proof of Theorem 4 for 1 <p < oo. One applies a theorem of E. M. Stein
[2, p. 213] on interpolation in weighted spaces. More specifically, if

1=, T sl
and
qo :=1; Do = 1; vy = W, ug =wve,
q, = 0; Py i= 00; v =WY,; u =W,

we have shown that for i=0, 1 and some C independent of f, n, i

1L £ T vy < C Lty

and hence f 0 <@ <1 and

I 1-0 0 1 1-0 0
—=—t—=1-0, —=——+—=1-0,
p Po P 9 4q0 4

u: —u(l)_guf, v —v(l)_gvf

then

[ /] UHL(I) Cll fulp oD

This is easily reformulated as (21). ||
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Deduction of Corollary 5. Suppose first that 1 < p < oo. Recall that for
Freud weights T~ 1 so in [ —a,, a,],

_$tTla,) 1
NN/

= = max (172~ ~

=C

lﬁn

Moreover, ¥, > C¢ ' in I\[ —a,, a,]. Then

| —(1—1/p)/3
(o £ stz

L)

<c|(y % sary)weve
n m=1

L)

SCIfWEP Ly < C IFWPYCP | L.

Here we have used (21). The case p = oo is easier. ||

3. ESTIMATE OF AN ORTHONORMAL POLYNOMIAL SUM
In this section, we prove:

THEOREM 9. Let We % and assume that for some >0,

o 1
n__ 4 0(nP).
L =5t (n=7")

n

Then for n=1 and x e R,

(Pm1—Pm—1)* (x) W2(x)
1

e

< Cl b, (ox)min{3/2, 172+ 3572, 3401+ )} (66)

n

We begin with a simple consequence of the recurrence relation:
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Lemma 10.

z am(pm_pm—l)z (x)

m=1

= 2 P30+ %y 1 — X) + p(x)(y — X)

+anpn(x)(pn_pn71)(x)' (67)
Proof. Recall the recurrence relation
xpmfl(x) = ampm(x) + amflpm72(x)'

Multiplying this by p,,_;(x) and adding for m=1, 2, ..., n gives

n

X Z przn—l('x): Z a’mpm(x)pm—l(x)—‘f_
m=1

m=1

o('m—lpm—2(x) pm—l(x)'
1

S

Changing the index of summation from m to m—1 in the sum on the left
and the second sum on the right gives

n—1
x Z przn Z mpm pm l( ) ocnpn(x)pn—l(x)a
m=0

recall p_; =0. Then

Z am(pm_pm—l)z (X)

m=1

= Z O(mprzn(x)_l_ Z O(mpfn l 2 Z mpm pm l( )
= m=1
= 2 (o + 04 1) Po () + o, pr(x)

+0(1Po )—x Z PalX) = 0, (%) Py ().

Then (67) follows. ||

Surprisingly the most troublesome term on the right-hand side of (67) is
the third term. This is handled in the following lemma: there and in the
sequel, we assume that We %, that (28) holds, and we shall use the
estimates [9, Cor. 1.4, p.467]

W] ()< Cay g (x),  xeR, n>1 (68)
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and [9, Lemma 5.2(a), p. 478]

>C>1, n=l. (69)

ay

Lemma 11. For x€[0, a,],

P Pa—1l (x) W(x) < Cnm{0 0 =P 126 3 ), (70)

Proof. We consider two ranges of x:

(i) xe[0,3a,]
Here ¢, (x) ~ 1 and the desired estimate follows from (68).

(ii) xe(3d, a,]
We use the Dombrowski—Fricke identity [4, 5, 227 in the form

1 =1
I,( 072 Z O‘k+1 O‘k Pk( )
X
(D D) () 2P0 1 () pn<x><1—2a >
This gives

Iy(x) W2(x)
(P P ) W2 () + 2y W) <[ 1 —x} ; 0<n—ﬂ>>

a,

=((Pn—Pn—1) W)? (%) + O(a, ' $,(x)"?)
O(a, '¢,(x)"2n"0).

Here we have used (68), (56) and our hypothesis (28). Next, that
hypothesis gives for 0 <k <n—1,

2 2
e S S 1— Ar o /Ay
k+1 k— Tk+1
Ar 41 O‘k+1/ak+1

—o 1 —{1+0<k_1|_1>r[1 Lo+ 1P

< Ca(k +1)~min{1. A},

(71)

Here we have used not only (28) but also (54) (recall T~ 1 for We ).
Then from (51), we obtain

n—1
F,(x)<C Y (k+1)7™mA pi(x).
k=0
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Recall that x > 3a,. Now from (69), there exists ¢, independent of n, such
that for large enough n,

%an 2 a281n'
We then use (58) of Lemma 8 applied to W? rather than W to deduce that
[gn]—1 ‘
W2 (x) Y (k+1) ™A pi(x)
k=0
[egn] —1
<SW2(x) Y pix)
k=0

=W?(x) /1[*611,[]( W2, x)
< Cyexp(—Cyn) sup W2(1) A, (W2, 1)

teR

< Cyexp(— Cyn).

Next,
n—1

Ax) Y (ke )R p2x) < Cn B 2 (x) 2, (W2, x)

k=[gn]

< Cn—min{l,ﬂ} 1 ¢n(x)l/2’
a

n

recall that ¥, ~ ¢ '/ for Freud weights. Thus, the last two estimates yield

I,(x) WZ(X) < Cp—min{1. } ald,n(x)l/z (72)

n

and hence from (71),
((Pn—Pu—1) W)? (x)

<C n—min{l,/f}‘:l¢n(x)1/2+an_1¢n(x)_l/2n_ﬂ]- (73)

Now by definition of ¢,,,
n=1< Cp2 (74)

and it then follows that the first term in the right-hand side of (73) is the
larger one (apart from a constant), so we obtain (70). ||
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For future use, we record the estimate effectively proved in the above
lemma: for 4 >0,

n—1
W2(x) Y (k+ 1)~ pix)<Cn' a9, (x)'?  xel3a,a,] (75)
k=0
The next step in the proof of Theorem 9 is:

LemmA 12. For xe[0, a,],

n—1

Z am(pmipm—l)z (X) WZ(X)

m=1

< n¢n(x)min{3/2, 1/2+(3/2) B, 3/4(B+ 1)} (76)
Proof. For xe[0, 3a,], the estimate follows easily from (51), (52) since

$.(x)~1. We now assume that xe[ia,,a,]. We use (28). Now for
m<n—1,

o a 1 A +1 ay
U+ Oy ] — X< -+ = — x4+ O <a,—x+ 03],
! 2 2 ( m? >\ <mﬂ>

SO

n—

W2(x) Y Pl )0y + 0ty — X)
m=1

n—1 2
< (ay—x) () 2 (W2, 3) + Ca, o) Y, 20

< Cng,(x)¥*+ Cn' =P, (x)"?
by (52), (75). Using (74), we continue this as

n—1

W2(x) Y P30y, + oy — X)

< Cn¢n(x)min{3/2, 1/2+4(3/2) ﬁ}. (77)

Next, combining (68) and (70) gives
Wz(x) xy |pn(x)(pn _pn—l(x))|
< Cpmex{0. (1=$)/2} Oy . p—min{L (B+1)/2}

< Cn¢ (x)(3/2) min{1, (8+1)/2}
n .
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Finally,

W2(x) pg(x) loy — x| S C< Cng, (x) 2.
Combining the last three estimates and (67) gives the result. ||

We turn to

The Proof of Theorem9. Firstly for xe[0,3a,],

n
(P 1= Pm—1)? (X) W2(x) <44, 1L(W2, x) W2(x) < C—

1 n

L

and then (66) follows as ¢, (x) ~ 1. We now assume that x € [ a,, a,]. Let
€0 € (0, 3). Since

(Pms1=Pm-1)<2(Pos1— P)> + 2P — Prm1)%

we obtain from (51) and then Lemma 12 and (56), that

n

Z (pm+1_pm—l)2 (X) Wz(x)
m=[¢gn]
C S 2 2
<— z ocm+1(pm+1_pm) (x) 4 (x)

an m=[gn]

+ i am(pm_pmfl)z(x) Wz(x)

m=[gyn]

< Cl ¢n(x)min{3/2, 1/2+(3/2) B, 3/4(B + 1)}.

ay

If we choose ¢, small enough, then it follows as in the proof of (72) of
Lemma 11 that the contribution of the terms with m < [gy,n] is negligible.
Thus we have the desired estimate (66) for xe[0, a,] and hence for all
xe[ —a,, a,], recall that (p,,,1— p,_1)> is even. To extend the estimate
to the whole real line, one uses the same trick as in the proof of Theorem 4
for p=oc0: one approximates powers of ¢, by polynomials R, of degree
O(6,72)=0(n'?), and then uses infinite-finite range inequalities. ||

We shall actually apply not Theorem 9, but a simple consequence
thereof:
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COROLLARY 13. Let We F and assume that for some >0,

o 1
o —— 4 0nh).
PR (n=")

n

Then for n=1 and x e R,

n 2
y <pm+1—“'"pm_1> (x) W2(x)
m=1

m+1

< Ci ¢n(x)min{3/2, 1/2 +3p/2, 3/4(1 +/7’)}' (78)

Proof. We have

%m 2 2 %\ 2
<Pm+1_ pm—l> S2(Pms1— Pm—1) +2<1— > Pm—1
od O(m+l

<2(Pms1—Pm_1)’+ Cmizmin{l’ﬂ}pifv

Here for xe[3a,,a,], (75) gives

W2(x)

E

2 Bp2 () < Cnl =2 M0 Pl g ()
1

< Ci ¢, ()3 min{L B} +12

a,

and the rest of the details follow as before. ||

4. PROOF OF THEOREM 6

Throughout, we assume the hypotheses of Theorem 6. We shall also
assume that the sequence p, decays to 0 no faster than some negative
power of n. The proof is based on:

An alternative estimate for s,,[F,(-)(x— -)](x). The alternative
estimate involves a simple change of indices in summation, that has been
employed several times before (for example in [ 17]); we do not know who
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first used it. Recall the notation (1), (44) and the abbreviation b,,=b,,,(F,).
Then

m=1
17 n
== z (xmpmbmfl_ Z ampmflbm
nLm=1 m=1
1 rn—1 n
== Z o('m+1pm+1bm7 Z a’mpm—lbm:|
nlm=o m=1
l’n—l
:; Z bm(am+1pm+1O(mpm—l)+0(1plb0anpn—lbn:|
Lm=1
=TO 4 TO 4 TO), (79)

Estimation of T'V. Here

T(1)| —_

m+1pm+l_(xmpm—l)

n—1 n—1

Z b2 Z A+ 1Pm+1 — & mpm—l)2

2
<C HfW”Lw([R) \/ \/Z <Pm+1 m_ Pm1> s
Em1

exactly as in the de la Vallee Poussin estimate for s,,[ F,(-)(x— -)](x) (see
(44-45)). Using Corollary 13, we continue this as

|T(1)W| (X) <C HfWHL ® af'l\/gb (x)min{3/2, 1/2 +3p/2, 3/4(1+ﬁ)},
“Onp, ¥V

xeR. (80)

Estimation of T™®. Next,

i Wi(t)
<|f WHLOO(R) Voj

lt—xI>p, [t —X|

ol =] Fapa® .
1

We consider separately two ranges of x:
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(I) x such that a,¢,(x)>1.
Then we estimate

dt
ol <17 W 1o 70 (910) |

pu<lt—xl <a,d,x) [T — X|
1

Ay, (X) V1= 31> a,8,00)

<CIfWli <log * <“"5(X)> + 1>.

n

W) dt>

Here we set
log* 7 :=max{0, log ¢}.

(IT) x such that a,¢,(x) <1
Then

for large enough n, so that | —x| <1= W(¢) is geometrically small:
[t —x| < 1= W(t)<exp(—C;n).

(See [9, Lemma 5.1(c), p.477]). Then we estimate

1
ol <Py 0 (exp(— Comog™ () [ o)
n t—x| =

<CIf Wl <log+ <“¢(")> + 1>.

n

(Recall our hypothesis p, >n~C). Thus we have this estimate in all cases
and hence

1
|T@W] (x) = la py(x) bol Wix)

C
< Wi <log+ <"¢(")> + 1>. (1)

n
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Estimation of T®. 1t is more difficult to estimate b,,:

ol = [ Fapa 7

—1/4
an_l/zj L(I) dt

pa<lt—xl<(1/4)a, |{—X|

<CIf W, @ (

vat | p ) dt)
It x| > (1/4) a,

- V4
<MW (o777 Bl Zaarn). s2)

pu<li—xI<(/dya, |[1—X]

Here we have used an estimate for the L; norm of p, W from [ 15, Thm. 1,
p-44]. In subsequent estimation, we consider x>0, and consider two
subcases:

(I) xe€[0,1/4a,]
Here |t — x| <}a, = |t| <3a,, so that ¢,(¢) ~ 1 and we obtain

bl < C LW a2 Tog ™ (32 )41 ). (83)

n

(I1)  xe[a, a,(1—n"?")]
Here |t — x| <ja,=1t>0 and ¢,(t) ~ 1 —(t/a,) so that

f bu(0)

pa<lt—xl<(/dya, [t—X]|

~

pa<lt—x| <(1/4)a,

—1/4 —1/4
X S
=<1—> f IS s

a, (polan(1 —(xfay)) < s — 1] < (1/4(1 — (x/a)) |1 — 5]

—1/4 ap |\ 1 ——
<C<1—x> 10g+7p"+1 ,
an

n
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by first the substitution 1—(¢/a,)=s(1—(x/a,)) and then some

straightforward estimation. Together with our estimates (82), (83), this
shows that for all xe[0, a,(1 —n*?)],

an¢n(x)

bl SC IS WL, ya, Pda(x)~ V| log™ +1].
“ Pn
Then for |x| <a,(l —n=%3),
3) 1
|TW| (X)=; |ot, pr—1(x) W(x) b,|
<; IS, w ¢, (x)"12 {IOng M"‘ 1.

We obtain from (79)—(81) and this last estimate that for |x|<
a,(1—n"%7?),

n

1
. Y SwlFu()(x =) 1(x)

m=1

W(x)

<ClfWl, @{ Do it/ U+ 074, 3804

n

+n—1¢n—1/2(x)|:log+anin(x)+1:|}. (84)

We turn to

The Proof of Theorem 6. Combining (36), (48), (52), (84) gives for
|x| <an(l _n_2/3)5

n

rel 3 5160 W
( :;n ¢n(x)min{3/4’ AR} +n_1¢”_1/2(x)\
SCUWlew{  xlog® {a"qs"(x)“} >
+%‘/’3/4(X) Maxy, <, ¢ (1) (85)
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(Recall that for Freud weights, ¥, ~¢,'?). Now fix x such that
x| <a,(1—n"2?), fix 4e[0, 1) and set

pui= A0 < C TR (x) < Oy (). (86)

Then (53) shows that for |t — x| <p,, ¢,(t) ~¢,(x). So (85) becomes

r<c HfWHLm(R)
—A4/2+min{3/4, 1/4 + 3p/4, 3/8(1 + B)}
X
§ {asn( )

() log *[ndl—4(x)] + 1] + ¢ “/2(x>}' (87)

The ratio of the second and third terms in the last right-hand side is

n~'g, ' A(x)[log *[ng,”4(x)]+1]

log n

< OByt < TR (20 2t —a (1)

n

as 4 <. It follows that the second term in the right-hand side of (87) is
bounded by a constant times the third. Finally, we deduce for |x|<
an(l _n_2/3)9

FS C HfW”L (R) ¢ (x)min{ — A4/2+min{3/4, 1/4+3p/4,3/8(1 + B)}, 4+ 1/2}
© n

Choosing
2 f 3 1
4 =3 min {,+,8(1+ﬂ)}—3e[0,6}
gives for |x| <a,(1 —n=%?),
- Z Sm[f](x)
m=1

2/3 min{3/4, 1/4 + 34/4, 3/8(1 16
SO Wl g gy Po(x)? min{3/4 14+ 354380+ )} 16,

We extend this estimate to the whole real line exactly as in the proof of
Theorem 4. Then we obtain (31) for p=o00. The extension to pe[1, o)
follows as in the proof of Theorem 4 for that range of p. |

Proof of Corollary7. As we have noted, Kriecherbauer and
McLaughlin proved that (28) holds for W= W, with f=min{«, 2}. Then
x=2/3 in (29) and the result follows. |
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